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Partial Differential Equations - PDE  
Relationship (mathematical equation): 
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between two or more independent variables t, x, y, …, an 
unknown function  u(t, x, y, ...)  of those variables and some 
partial derivatives of the unknown function:  
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Order of the PDE:  highest order of the (partial) 
derivatives involved in the PDE 
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PDE - Definitions 
Strong (classical) solutions: functions u(t,x,y,…) that 
are continuously differentiable of order m at each point of the 
domain of the PDE (are Cm(D) ) and that satisfy the PDE at 
each point of D.    
Weak solutions: less regular functions u(t,x,y,...) (that is, 
are not Cm(D) ) that do not satisfy the PDE everywhere in D. 
They are characterized by an integral formulation (called 
variational formulation), associated with the original PDE, 
that involves partial derivatives of order less than m defined in 
the sense of distributions. 
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PDE - Definitions 
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Equilibrium of an elastic cord 
f  concentrated loads 
u  transversal 
displacement  
Strong formulation 
not adequate 
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Homogeneous Dirichlet Problem 
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Multiply by a test function v (for 
now, arbitrary) and integrate on 
the interval  (0,1) 
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We impose that the test 
functions v vanish at the 
extremes of the interval 
(satisfy the homogeneous 
Dirichlet boundary conditions) 
-> the boundary term 
vanishes 
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Homogeneous Dirichlet Problem 
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Space of the test functions:  V     if       then     0 1 0v V v v  
If  u, v  are  C1([0,1]) ,  then   1,0, 0'' Cvu 
and the integral at the left-hand side is defined. Actually, physical solutions 
might not be continuously differentiable of order m = 1 (elastic cord with 
concentrated loads). Even if we don’t know if the solutions are continuous (are 
C0([0,1]) ) : 
      1{ 0,1    : 0 1 }V v C v v  
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Boundary and Initial conditions  
• Boundary Conditions on G  GD  GN   GR. 
– Dirichlet: 
 
– Neumann:  
   
– Robin :  au + bun = g on GR. 
 
• Initial Conditions (for t = 0). 
                                  u(t=0,x,y,…) = u0(x,y,…). 
 
• PDE problem: well-posed (Hadamard) if and only if: 
– A solution exists 
– The solution is unique 
– The solution depends on the data but it is not sensitive 
to (reasonably small) changes in the data 
• Otherwise ill-posed. 
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PDE - Definitions 
 , , ,..., , , , , , , ,... 0t x y xx xy yyF t x y u u u u u u u 
Linear   F  is linear in the unknown u and in its partial 
derivatives, with coefficients depending only on the 
independent variables t,x,y,…. 
 
 
Quasi-linear: F  is linear in the partial derivatives of 
highest order m, with coefficients depending on t,x,y,…., on 
the unknown u and on its derivatives of order less than m 
 
 
 
Non-linear                                    
order m 
       txfutxautxvutxdu xxxt ,,,,  Linear 2nd order 
1
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Non linear  2nd order 
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2nd Order Linear PDE (2 independent variables) 
 
  
 
     Where a,b,c,d,e,f,g depend only on the independent variables x, y 
(not on the unknown function u and its partial derivatives) 
• Then the PDE type depends only on the coefficients of the 2nd order 
terms (a,b,c), namely on the discriminant:  
 
 
 
 
–  < 0   elliptic PDE 
–  = 0   parabolic PDE 
–  > 0   hyperbolic PDE 
2 xyxx yy x yau bu cu du eu fu g     
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PDE types 
 
Hyperbolic PDEs: model a conservative physical 
process, such as convection, that evolves toward a 
stationary state (energy is preserved) 
 
Parabolic PDEs: model a dissipative physical process, 
such as heat conduction, that evolves toward a 
stationary state (energy decreases in time) 
 
Elliptic PDEs: model stationary (equilibrium) states 
(nothing changes in time)  
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PDEs – models in one (space) dimension 
 Transport  (Convection)  Equation (linear, 1st order): 
 
 
 
 
 The initial function u0 is propagated to the left with velocity -1.  
 
 
   
 The initial function  u0 is propagated to the right (if c<0) or to the left 
(if c>0) with velocity c. 
 
 Wave  Equation  (linear, 2nd order): 
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Heat Equation (linear, 2nd order): 
 
 
 
 
 
 
 
Diffusion of a “quantity” in time (ex. Heat) 
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PDEs – multiple (space) dimensions… 
      Transport Equation: 
 
 
 
    
 
 
 
Transport Equation integrated over a subset W of Rd: 
conservation of mass of an isolated physical system 
occupying W. 
 
The scalar-valued function u(t,x) and the vector-valued 
function (t,x) are, respectively, the density and the velocity 
of the system (i.e., of the material point of the system that 
occupies the position x at time t)   
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PDEs – Laplacian 
 Laplace Operator (Laplacian) 
 
 
 
 
Laplace-Poisson  Equation  (elliptic): 
 
 
 
 
Heat  (or Diffusion)  Equation  (parabolic): 
 
 
 
Wave  Equation  (hyperbolic): 
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Numerical solution of PDEs 
Exact PDE 
 
[numerical methods] 
 
 
 
 
Approximate 
(discretized) PDE 
( , ) 0
      
( , ) 0N N N
u g
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
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A numerical method is convergent  if: 
 
 
in a proper norm. 
0   for   NNu u   
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In general, it is not easy to directly demonstrate the 
convergence of a numerical method for the solution of a 
PDE. 
 
It is easier to demonstrate consistency and stability of the 
numerical method. 
 
A numerical method is consistent   if: 
 
 
 
and strongly-consistent  if: 
 
( , ) 0   for  NN u g   
( , ) 0    .N u g N  
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A numerical method is stable if small perturbations of data yield 
small  perturbations of the solution. 
 
Lax Equivalence Theorem: 
 
  consistency  +  stability              convergence 
 
 
The «quality» of a convergent numerical method for solving PDEs 
depends also on: 
 
 speed of convergence 
 
 computational cost 
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Numerical methods for PDEs 
• Three popular methods: 
– Finite Differences 
– Finite Elements  
– Finite Volumes 
• Every method has its “optimal” application field, 
supporters and detractors. 
• There exist other methods, such as collocation 
methods, spectral methods, …. 
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PDE -  Finite Differences 
Basic Idea: 
 
 Replace the region R with a (rectangular) grid 
(mesh)  of points of R 
 “collocate” the differential equation on the nodes of the 
mesh 
 approximate (at nodes) the partial derivatives with 
numerical differentiation formulas (finite differences) 
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PDE -  Finite Differences 
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PDE -  Differenze Finite 
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PDE -  Finite Differences 
O(h2) 
O(h2) 
O(h4) 
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